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Abstract 
A bracket weight system is constructed. Three of its applications are given. The first is an 
observation of some special properties of HOMFLY and Kauffman polynomials. The second is 
an observation of an infinite set of nontrivial combinatorial identities. The third is a dimension 
formula and the computation of the universal invariant up to 12’ for all prime knots with crossing 
number less than IO. 
K~Iwo&: Vassiliev invariants 
1. Introduction 
Any F-valued (here F is a field) knot invariant V can be inductively extended to an 
invariant V(“‘) of immersed circles that have exactly m transversal double self intersec- 
tions (called singular knots with no singular points) using the formulas 
1/((J) = v. (1) 
VC”” (X) = v(“‘-‘) (X) _ V(‘“P’) (X). (2) 
A knot invariant V is called (an F-valued Vassiliev invariant) of type < m if 
V(“‘fl) is identically zero. And it is called a K~siliev invariant if it is of type < m 
for some integer m. The vector space V of all Vassiliev invariants is filtered, with 
V,,, = {invariants of type < m}. It is clear how to generalize these to links. 
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It is a theorem of Kontsevich [2] that, over Q, the graded vector space associated with 
the filtered vector space V of Vassiliev invariants has a purely combinatorial description. 
More precisely, there is a short split exact sequence: 
where AFn = Hom(A,, Q) and A,,, = the vector space generated by all chord diagrams 
having exactly m chords modulo all l-term and 4-term relations (the precise definition 
of these relations is given in Section 2). An element in AL is called a Q-valued weight 
system of degree m. The splitting is provided by the Kontsevich integral which is a A- 
valued (A = @g=, A,,,) invariant of oriented knots. Thus Kontsevich integral invariant 
is a universal Vassiliev invariant. 
Remark 1.1. For the purpose of this paper, chord diagrams with m chords will some- 
times be represented by singular links with m singular points, i.e., immersed disjoint 
circles having exactly m, transversal double intersections. In particular, the chord dia- 
gram on a single circle with no chords can be represented by any knot. 
It has been proved in [1.2,7] that all quantum group invariants (see [4] for an account 
of quantum group invariants) are Q-valued Vassiliev invariants, hence as maps from 
{knots} to Q, they factorize through A: 
where the right arrow is the Kontsevich integral, the southeast arrow is a quantum group 
invariant and the down arrow is the weight system corresponding to that quantum group 
invariant. However, unlike quantum group invariants, the integral invariant is neither 
computable nor easy to use (because we don’t have a canonical choice of basis for A). 
It would be wonderful if one can construct a weight system that maps A injectively into 
some algebraic object whose any two elements can be easily compared (e.g., polynomial 
ring in n variables) and the composition with the Kontsevich integral is computable. 
In the attempt to find such a weight system we are able to construct a weight system 
that can give rise to weight system corresponding to both HOMFLY and Kauffman 
polynomial invariants of links (see [3,6] for the definition of HOMFLY and Kauffman 
polynomial of links respectively). The construction is based on three ways of resolving 
double crossings of a singular link representing a chord diagram in much the same way 
as Kauffman does in his bracket model construction of Jones’ polynomials [5]. This 
bracket weight system is a linear map 
However, since F[zz, XI. 20. q~‘]/(x1 (XI + 20)) is isomorphic to 
with the first projection onto F[zz, rc)> ,r,‘] giving rise to the HOMFLY weight system 
and the second projection onto F[.Q, so, ~~7’1 giving rise to the Kauffman weight system 
when F = &, the weight system is equivalent to the HOMFLY and Kauffman weight 
system combined. 
We should point out that the HOMFLY and Kauffman weight systems for discrete val- 
ues of x2 and x0 have been constructed by various people [2] either explicitly or implic- 
itly, their construction is essentially based on an r-matrix satisfying the classical Yang- 
Baxter equation which has to do with Lie algebras (see [4] for an account of the weight 
system coming from simple Lie algebras). However, our construction is very elementary, 
with no Lie algebras involved. and takes all cases into account as a whole. But we are 
not lucky enough to go beyond HOMFLY and Kauffman weight systems as we hoped. 
Organization of the paper 
In Section 2 we develop the bracket weight system and identify it with HOMFLY and 
Kauffman weight systems. In Section 3 we present several applications of our bracket 
weight system. The first is an observation of some special properties of HOMFLY and 
Kauffman polynomials, the second is a dimension theorem, the third is the computation 
of the universal Vassihev invariant (up to h5) for prime knots with crossing number less 
than 10. Note that our results are only stated for knots even though they can be stated 
for links which are no more difficult than knots. 
2. Bracket weight system 
As remarked in the introduction, chord diagrams in this paper are represented by 
oriented singular links which are in turn represented by oriented singular link diagrams 
or even small singular link diagrams. In this perspective, the l-term and 4-term relations 
are defined as follows: 
10 = 0, (3) 
++il+F++~ (4) 
Remark 2.1. Relation (3) says that a chord diagram with an isolated chord is 0 in A, 
relation (4) is the so called 4-term relation. The orientation in the small curve in (3) is 
omitted. 
We say a singular link is semi-oriented if orientations are continuously assigned to all 
but finite many points on it. 
Definition 2.1. Let C be a (semi-)oriented singular knot or link diagram. Let (C) be the 
element of the ring Z[ZO. ~1, ~2. d] defined by means of the rules: 
(0) = I, (5) 
(0 U C) = d(C), C is not empty, (6) 
(Xi = Z?(X) +51(X) + Jill ,t>. (7) 
Remark 2.2. A formula may involve the bracket and a few small diagrams. These small 
figures represent larger diagrams that differ only as indicated in the small diagrams. 
The bracket, (C), is well defined on oriented singular links and in fact on chord 
diagrams, but it does not define a linear map on algebra _4. It is the purpose of this section 
to determine relations among ~0, ~1~ -1’2. cl so that ( ) extends to a linear map on algebra A. 
Some comments are in order about the rules: rule (5) says that (C) takes value I on a 
single circle diagram representing the unique chord diagram with 0 chord. Rule (6) says 
that (C) is multiplied by rl in the presence of a circular component. This component can 
surround and be linked with other parts of the diagram. Rule (7) applies to diagrams 
that differ locally at the site of a single double intersection. We can use rule (7) to keep 
expanding the formulas until we reach (semi-)oriented link diagrams. Rules (5) and (6) 
then imply that the value of (C) on a (semi-)oriented link is d raised to one less than 
the number of link components. 
Note that rule (7) connects the bracket of a (semi-)oriented singular link with that 
of three (semi-)oriented singular links resultin g from three ways of resolving a singular 
point of that (semi-)oriented singular link. 
Every singular point can be resolved in three ways, let us number them by 0, 1, 2 as 
follows: 
0: x * I*:. 
I: X=+X: 
2: X*X. 
We call a choice of resolution for every singular point of C a state of C. Since 
resolving all singular points of a state results in a (nonsingular) semi-oriented link, we 
see that the states are in one-to-one correspondence with final semi-oriented links in the 
expansion of the bracket. Accordingly, we define (C/(T) for a (semi-)oriented singular 
link C and a state 0 by the formula 
(Cjm) = Xgl’X:;T’ X;’ 
where g1 is the number of singular points resolved in the ith way in state 0 (i = 0, 1: 2). 
The total contribution of a given state to the bracket is then given by the formula 
(cla)d’+ 
where 1~1 denotes the number of link components in the resolution of 0. 
In summary, we have the following proposition. 
Proposition 2.1. (C) is uniquely determined on diagrcrms by rules (5)-(7). It is given 
by the ,formula 
where this summation is over all stutes qf the diagram, and 1~1 denotes the number of 
link components in the resolution of a State g. 
We now determine how to adjust T(),:E~, Q and d to obtain a linear map on A. 
Lemma 2.1. The,follo~~ing,f~~rmula holds, w!here the two dingrams represent the .same 
projection except in the area indicated. 
(0) = (z2 + 51 + :r.od)( 3). 
Hence (K>) = O,for ~11 diagrams {f 
d= 
-XI -272 
%(] 
Proof. 
(K3)=~?(,~)+~,(~)+~~l(>o) 
=x2( (0) + .r1(=3) + xod()). 
Thus 
(D) = (IL., + 21 + zod)( 3). 
This completes the proof. (We have omitted orientations on the small diagrams abo- 
ve). 0 
From here on we assume d = (-21 - Q)/Q. 
Lemma 2.2. The following formulu holds, where the diugrams represent the same pro- 
jection except in the area indicated. 
Proof. This is a direct calculation, and is omitted. Note that we have used numbers to 
keep track of orientations starting from the second line in the formula above where only 
four of the eight small diagrams are really different from each other. 0 
From this lemma, we have 
Theorem 2.1. The bracket defines an F[Q, .x1, ~(1, CCO’]/(X~ (21 + za))-valued weight 
system: 
for any jield F. Moreoveu, this weight system respects the multiplicative structure of A 
induced from the connected sum of chord diagrams. 
the bracket weight system is split into two F[x?, ~0, zo’]-valued weight systems. Note 
that an F[q, ~0, CC;‘]-valued weight system is just a family of F-valued weight systems 
parameterized by two parameters 22 and 50. 
For any link K, the HOMFLY polynomial of K, denoted by 
a and z. Substitute 
a = exp(-{x2/2), z = exp(izah) - exp(-izah) 
in PK and expand PK in powers of h, we get a power series in 
PK = c vm(z2, xo)(K)h”. 
ma0 
By using the skein relation for the HOMFLY polynomial: 
aPK, - a-‘PK- = z PK,, > 
P unknot - 1, 
PK, is a polynomial in 
h: 
one can show that (see [ 1,2]), for each value of za and x2, 71,(x2, ~0) is a Vassiliev 
invariant of degree < m for each m > 0, hence defines a weight system of degree 
m, denoted by w,(Q, x0). The collection of w,(Q, ~0)‘s is called the weight sys- 
tem associated with the HOMFLY polynomial invariant of links, or simply HOMFLY 
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weight system. One can similarly define the weight system associated with the Kauffman 
polynomial invariant of links. 
Theorem 2.2. When F = Q, the two F[ x2, x0, x;‘]-valued weight systems are the 
HOMFLY and Kuuj?nan weight system respectively. 
Proof. We only prove that the first Q[ x2,x0, x<‘]-valued weight system is the HOMFLY 
weight system, because the proof of the other half of the theorem is similar. 
Given a chord diagram with n-chords, choose a singular link K representing it, by 
definition, the HOMFLY invariant of this singular link is the alternating sum of the 
HOMFLY invariant of 2” nonsingular links, so it is a polynomial in a and z. If in this 
invariant we let 
a = exp(-$22h), z = exp(ixtjh) - exp(-ixah) 
and expand this invariant as a power series in h, by using the skein relation above one can 
see that this power series starts at h”, and the coefficient of h”, which is w,(x~, x0)(K) 
by definition, is exactly the bracket of the chosen singular link with zr = 0. This 
completes the proof. 0 
3. Applications of the bracket weight system 
Before giving any applications, we present a table of chord diagrams with less than 
six chords and their corresponding HOMFLY and Kauffman weights. The computation is 
straightforward, hence is omitted, instead, we give a useful lemma here. Note that from 
now on CC] is the 22 of the last section, and ICY is the x0 of the last section. 
Lemma 3.1. Let H(C) and K(C) be the weight of chord diagram C associated with 
the HOMFLY and Kauffman polynomial invariant respectively, then 
when m 3 1, n 2 1, 
+ ix, (X0 + x,)(320 - 2,) [(XI + xO)m-’ - (2, - x$--l] 
when m> 1. 
Proof. The proof of this lemma is elementary, one first needs to derive certain recursive 
relations and then use an induction argument. For example, 
H (@$) =x,H (@$j +uH [j&j 
=x,H (@#+) =.xfH (ij)n-2) 
=xy-lH (9)‘) ~~-;r?+~~-~fj (T”i 
From this lemma and the fact that bracket weight system respects the multiplicative 
structure of A (induced by connected sum of chord diagrams), one can easily obtain 
the HOMFLY and Kauffman weights of the chord diagrams (except for the last one) 
appearing on Table 1. 
Table I 
In Table I, the first column is the grading of the algebra A, the second column lists a 
basis for A,, , the third and fourth column list the corresponding HOMFLY and Kauffman 
weights respectively. The last column lists the dimension of A,? or its dual _.47*, . The fifth, 
sixth and seventh column list the dimensions of the subspaces H,, , h’,, and B,, of /I,*, 
spanned by the HOMFLY, the Kauffman and the bracket weights respectively. Note that 
the dimension of d,, is listed in [2] for small 7). 
Remark 3.1. One can check from the table that 
are equal for all chord diagrams C appearing in the table. In fact this is true for any 
chord diagram C because both 
correspond to the weight of chord diagram C associated with Jones polynomial of knots. 
Therefore we have infinitely many combinatorial identities, one for each chord diagram. 
If a chord diagram has n chords, the correspondin g identity says that the sum of certain 
2” numbers is same as the sum of certain 3” numbers. 
For example, for the chord diagram with two non-isolated chords on a circle, the 
combinatorial identity 
22+2+-2)+1.2.(-2)+12 
is equal to 
($ - ;, 4 + 3. i. (I ~ 3) - i. ; + (- g. (1 - 3) 
- ($ + ; $(I - 3) - (f)‘+ (k)‘. 
The table also suggests that the HOMFLY and Kauffman weights are divisible by x(‘, -
:rf and ~1 (:ro + 21) respectively, and the subspace K,, spanned by the Kauffman weights 
contains the subspace H,, spanned by the HOMFLY weights. The first part of the sug- 
gestion can be proved directly from the definition, hence we have the following lemma: 
i 
dimH,, < [I]. 
dim K,,, < 71 - I 
The proof is also very elementary. for example, to prove that the HOMFLY weight 
is divisible by x0 + xi, one need to check when 20 = -xi, the HOMFLY weight is 0, 
which is almost obvious. 
This lemma also implies the following fact: The HOMFLY polynomial and Kauffman 
polynomial of any knot are of the form 
I+ A(,-. 
1 -‘)7 
X Laurent polynomial in a, z, 
1 +(a- l)[z-u+a-‘1 x Laurent polynomial in a: z, 
respectively. Moreover, only even powers of z appear in the HOMFLY polynomials. 
Using an induction argument together with Lemmas 3.1 and 3.2, we can easily prove 
the following 
Theorem 3.1 (Dimension theorem). 
(a) dim& = [T] ,fov 7~ 3 1; 
for n 3 1 and n # 3, 
,for 7l = 3. 
Proof, We only prove (a), the proof of (b) is very similar. 
Induction on n. It is true when n = 1 or II = 2. Suppose that it is true for n = 2iF - 1 
where k 3 1. Then there exist chord diagrams Cl, Cz: . . , Ck- r such that 
Dim(span{H(Cr), H(C2). . . . H(C’_l)}) = k - 1. 
Let 6, = Ct # C, el = Cl # C’: , Ck-1 = CI;_I # C, where C is the unique chord 
diagram with two chords, none of which is isolated. Let 
cr, = @’ 1 
2k 
Then 
Dim(span{H(Cr), H(&), . H(e:_,): H(Ck)}) = k 
because the first (Ic - 1) polynomials in ~‘0, zI are divisible by (z$, - XT)’ and span a 
(Ic - I)-dimensional space, and H(Ck) = :rT”-‘(zi - zf) is not divisible by (xi - XT)‘. 
So (a) is true for odd n. The same argument works for even n. 0 
Since Theorem 3.1 says that dim H, < dim h’,, for any n, one may ask the following 
natural question: 
Question. Is H, c K,, ,for all n? 
The answer is yes for n < 5 from the previous table and y10 in general. One can prove 
H6 $ Kg by contradiction. Let kerH6 = {X E A: f(z) = 0, for all S E Hb}, and 
let ker Kh be similarly defined. Suppose Hb c Kb, then we would have the following 
commutative diagram: 
where the downarrow (if exists) can be specified explicitly from the proof of the di- 
mension theorem. The contradiction comes when we evaluate the (&/kerHg)-valued 
invariant for 31 in two different ways corresponding to employing Kauffman and HOM- 
FLY polynomial of 31 respectively. 
Since K,, = A:, when n ,< 5, we can compute the universal Vassiliev’s invariant of any 
knot up to h” as follows: we first compute the Kauffman polynomial (see [6]), which is 
polynomial in a, .z, then substitute a by exp(-izth) and z by exp( izoh) - exp(-iz&) 
in the polynomial, and expand the resulting function of variables ~0, zt , h as power series 
of h up to h”. The universal invariant is then obtained by solving some systems of linear 
algebraic equations. For example, for 3 1, the first knot in the knot table, the Kauffman 
polynomial is 
-a + 2a’ - z + a22 - az2 + u3z2 
and the power series expansion up to h” is 
and the final answer is 
For simplicity we write the answer as 
Using this simplified notation for the universal invariant, we end the paper with a knot 
table with the universal invariant up to h’ for prime knots with crossing number less 
than 10. 
Note that in this table the second, the third and the seventh columns are integers, so 
is the difference between the eighth and the ninth columns. We would like to give them 
a geometric interpretation in the future. 
31 1 
41 1 
51 I 
52 I 
61 1 
62 1 
61 1 
71 1 
72 I 
73 I 
71 I 
7s 1 
76 1 
71 I 
81 1 
8: I 
81 I 
84 I 
8s 1 
86 I 
87 I 
8x I 
8s 1 
810 I 
811 I 
812 I 
813 I 
814 I 
8 15 I 
816 1 
817 1 
XIX I 
(1) (1) 
C-1) (0) 
(3) (3 
(2) C-3) 
l-2) (1) 
C-1) C-1) 
(1) (0) 
(6) (14) 
(3) C-6) 
(5) (11) 
(4) C-8) 
(4) (8) 
(1) (2) 
C-1) (1) 
(-3) (3) 
((1) (1) 
C-4) (0) 
C-3) (1) 
C-1) l-3) 
(-2) (-3) 
(2) (2) 
(2) C-1) 
(-2) (0) 
(3) (3) 
(--I) (-2) 
C-3) (0) 
(1) C-1) 
(0) (0) 
(4) (7) 
(11 (1) 
C-1) (0) 
(1) (0) 
((5 ;, ;: A) 
CO,% (40) 
(l,;,y.;) 
(0. -;, -f, -;> 
(0, i. -;, A) 
(-I: -q, $,-A) 
(0. o,o, 0) 
(7, !?A, y, $) 
(0, -2, _+;> 
(2> !$ g. g> 
(0, -3, -5. -$ 
(3.+&i, {) 
(0: i, $ -2) 
(I, ;, ~,-++) 
(0: $, -A$, $) 
(5. $,-A& {) 
(0, 0,O. 0) 
(2> $A, -$, -g 
(-6.-q,+:-;) 
(-3, A, !& -$) 
(2: y: -$> ;) 
(-l&j-$,-g 
(0, 0,o: 0) 
(3, $> 3, f) 
(-2, -A& :, -;> 
(0: 0,O: 0) 
(0,-i, ;, -;) 
(3: ;> -;>q 
(6,$$%) 
(3> $, $. -$) 
(CO, (AO) 
((JO, 0.0) 
8lY 1 (5) 
810 1 (2) 
821 I (0) 
91 1 (10) 
92 1 (4) 
93 1 (9) 
94 1 (7) 
95 1 (6) 
96 1 (7) 
91 1 (5) 
9x 1 (0) 
9s I (8) 
910 1 (8) 
911 1 (4) 
912 I (1) 
913 1 (7) 
914 1 C-1) 
915 1 (2) 
916 1 (6) 
917 1 C-2) 
918 I (6) 
919 1 C-2) 
9211 1 (2) 
921 1 (3) 
922 1 C-1) 
923 1 (5) 
921 1 (1) 
9% 1 (0) 
926 1 (0) 
921 I (0) 
928 1 (1) 
92s 1 (1) 
9x1 I C-1) 
C-10) (-10, -A& _L?,_p> 
(2) (2, ;, ;, -;> 
C-1) (-2, -T, ;, -A) 
(30) (27, $i’, L$, 9) 
C-10) (q-f!&zJ,-g 
(26) (13, qs, y, y) 
(19) (3,+9,+$ 
(15) (0, z$, y!, ;> 
(18) (15, y, 8, zz) 
(12) (6, l&7,4) 
(2) (1, ;, i, -$q 
(22) (13, F, T, S) 
(22) (4,?,%$ 
(9) (0, y, y, -$) 
(3) (0, $, ;, _+!) 
(18) (6,?.?, 6?, 9) 
(2) (2, $, ;, -7) 
C-5) (1,~zi,-$E) 
C-14) (-16, -9, _T, -2) 
(0) (-3, -3,o, 1) 
(15) (6,~,3$) 
C-1) (-3, A, _$, z$ 
C-4) (-l,-4,-2,;) 
(6) (0, $, 7, -;, 
(1) (4,4, $,-g, 
C-11) (-8, +, -4, _s) 
(2) (3, y, i, -+!) 
(1) (-4) -;, ;, -g, 
C-1) (-2, _$,_& z?) 
(1) (2,y,;, -g> 
(0) (0, l,O,O) 
C-2) (-6, _?i, _$ $) 
(1) (_LL,g) (@_;,A) 
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I 
I 
1 
1 
I 
1 
1 
1 
1 
I 
I 
1 
I 
I 
1 
1 
1 
1 
1 
(4 (2) 
C-1) C-2) 
(1) (‘1 
C-1) (0) 
(7) C-18) 
(3) (7) 
C-3) (1) 
(6) (14) 
(2) C-4) 
(-1) C-1) 
(0) (1) 
(-2) (0) 
(1) (2) 
(0) C-1) 
(2) C-4) 
(-2) (3) 
C-1) (2) 
(3) c-2 
(6) C-14) 
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